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National Exams May 2018

17-Phys-A4, Quantum Mechanics

3 hours duration

NOTES:

1. If doubt exists as to the interpretation of any question, the
candidate is urged to submit with the answer paper, a clear
statement of any assumptions made.

2. This is a CLOSED BOOK EXAM.
Approved Casio or Sharp calculator is permitted.

3. Five (5) questions constitute a complete exam paper.
4. Each question is of equal value. Full Marking Scheme on Page 2.
5. Clarity and organization of the answers are important.

6. A number of equations and formulas, including some integrals, are
provided at the end of exam questions.
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Marking Scheme

Marking Scheme
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20 marks

(a) 5 marks; (b) 5 marks; (c) 5 marks; (d) 5 marks
20 marks

(a) 7 marks; (b) 7 marks; (c) 6 marks

20 marks

(a) 5 marks; (b) 5 marks; (c) 5 marks; (d) 5 marks
20 marks
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QUESTION 1

A particle of mass m is confined in a one dimensional infinite square well potential of the form:
0<x<L
V(x) = {+oo otherwise
Use the time-independent Schrédinger equation to determine the eigenfunctions and the quantized
energy levels of the system.

QUESTION 2

(a) Explain in few sentences why quantum mechanical operators representing physical observables must

be Hermitian.
(b) State in words the correspondence principle in quantum mechanics.
(c) It is given that the time derivative of the expectation value of a quantum mechanical operator, A,

satisfies the following relation.

a4) 1
X ap+ G

where H is the Hamiltonian operator of the system. The Hamiltonian of a particle moving in a potential
V(x) is of the form:

H= ;’—" +V()
Use the information provided above to show that:
dtx) _ (), A VD),
dt m '’ dt dx

(d) Are the results obtained in part (c) consistent with the correspondence principle? Explain.

QUESTION 3

The spin operator for a spin 1/2 particle can be written as

—)_h—»
S—ZO'

where G = (0, dy, 0;), with gy, 0y, and o, being the Pauli spin matrices. A neutral spin 1/2 particle with
a magnetic moment / is placed in a uniform magnetic field B. The Hamiltonian of the system is of the

form

H= - B



17-Phys-A4, Quantum Mechanics Page 4 of 7 May 2018

where i = ud. If initially the spin of the particle is along the x-axis, show that the average values of the

spin components are given by
(sx} =0

h
(sy) = —Z—sm 2wt

h
(sz) = 5 oS 2wt

where
_uB
“T %
QUESTION 4

Consider a hydrogen atom whose wave function at t = 0 is the given by the following expression.

1
Y(r6,0,t=0) = ﬁ [ 24100 (1,0, ) — 3P200(1, 6, 9) + PY322(7, 6, $)]

Here, Ypum (1,0, @) = Ry (r)Yy, (6, ¢)are the normalized energy eigenfunctions of the hydrogen atom.

(a) What is the probability of finding the system in each of the following energy eigenstates:
Y100 (1,6, P), Waoo (1, 6, d), Y322 (1, 6, p)? What is the probability of finding the system in any other

energy eigenstate?
(b) What is the expectation value of the energy of the system?
(c) What are the expectation values of L?and L,?

QUESTION 5

Calculate the probability that an electron in the ground state of hydrogen is outside the classically
allowed region.

Note: The ground-state wave function of the hydrogen atom is given by the following expression.

1 _r
lplOO(rl 6!¢) = W e a
QUESTION 6
Consider a square potential barrier of the following form:
0, x <0
Vix) =1{V, 0<x<a
0, x>a

where V, > 0. A particle of mass m and energy E < Vj is incident upon the barrier from left.

(a) Write down the time-independent Schrodinger equation and its solutions for the system in each of
the following regions: (i) x < 0, (i) 0 < x < a, (iiij)x > a.
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(b) The requirement of continuity of the wave function and its first derivative at the boundary points

x = 0 and x = a leads to four equations. Use the results obtained in part (a) above to write down these
four algebraic equations. Describe, how you would obtain the reflection and transmission {tunneling)
probabilities from these equations. (Note: You are not asked to solve the system of algebraic equations.)
(c) The tunneling probability for the case at hand turns out to be

3 V¢ sinh?(ka) !
T‘[ 4E(V0—E)]

where, k = [2m(V, — E)/hz]l/z. Calculate the tunneling probability for an electron with the kinetic
energy of 5 eV incident upon a barrier of height 10 eV and the width of 0.53 A (the Bohr radius).
(Note: The electron mass is, m = 511 X 103 eV/C?, with C = 3 X 108 m/s being the speed of light. Also,

A =10"1° meters,and A = 6.58 x 10716 eV.s)
(d) Use the expression given in part (c) to show that for ka > 1, the tunneling probability can be

approximated as

16E(Vy — E)

——————C
Vo

—2ka

I

T

QUESTION 7

Consider a quantum mechanical one-dimensional simple harmonic oscillator for which the Hamiltonian
is given by the following expression.
2
px 1 2.2

f10== §;£-+-§7na) X

Assume the system is further subjected to a nonlinear restoring force that can be represented by a
perturbing Hamiltonian of the form:

H =bx*
where b is a positive constant.

Determine the first-order energy shift in the energy of the ground state and the first excited state of the
harmonic oscillator due to the perturbation H'. Based on your results, which one of the two states
receives a larger energy shift?

Note: The normalized wave-function for the ground state, o (x), and the first excited state, 11 (x), of
the oscillator are given below.

Polx) = <%) e 2

3 2a3 L
= (2

Here, a = (—)2
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You may find the following information useful.

e The fundamental commutation relation reads: [x, p,] = ih. From this statement it follows that:

L af . dag
[f (). px] = Lha ' [x, g(px)] = lﬁa
e The Hamiltonian operator is:
p* 2
L = e 2 —
H—2m+V(r) sz + V(7))

e The Laplacian operator is:

V2_82+62+62_ 1 _66<26)+6(_96)+1 92
T 9x? ' 9y? ' dz2  rZsind S\ ar) T \M'" " Be sin 6 d¢?

e In one dimension, the Hamiltonian becomes:

Pz 2 d?
H=ﬁ+V(x)=—§'r'ﬁE2-+V(x)

¢ The time-dependent Schrodinger equation reads:

AV, t
I.fl—(,(it—2 =H ‘}»’(‘F, t)

e The time-independent Schrédinger equation (or the energy eigenvalue equation) is:

Hy#) =EY(F)

e The energy levels of the hydrogen atom are given by:

. y
B s fa
m [2;12 (4neu)

e The hydrogen wave functions are orthonormal.

1 E
—=-3, n=123

oo Vs 2m
[Care? [ dosing [ b Wim(r0.8) Vim0 ) = St But S
0 0 0

e The spherical harmonics are orthonormal.
2 T
f dq&f df sin@ Y, (6,)Y 1 (6, 0) = 816
0 0

e The energy levels of a one-dimensional simple harmonic oscillator are given by:
1
E, = (n + E) hw, n=2012,--

where
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Ie
W = ‘—
m

The harmonic oscillator wave functions are orthonormal.

+o00

P () P () dx = B

e The Pauli spin matrices are:
o= o =G o) =G )

The spin operator for a spin 1/2 particle can be expressed in terms of the Pauli spin matrices as
follows:

-
(2

N Ay

S =

The eigenspinors of the operator S, are:

w=@) =)

The first-order energy shift due to a perturbation H' is given by the following expression.

AE = B = P |H' [y”)
where |1/),(10)) is the eigenstate of the unperturbed Hamiltonian.

e Gaussian integrals

€3 _x? 2n)! 2n+1
f x2n e a2 dx — ‘\/;'[- ( n) (2)
0

n! 2

e Exponential integrals




