National Examinations — May 2008

04-BS-16 — Discrete Mathematics

Duration 3 hours

NOTES

e This is a CLOSED BOOK EXAM No calculators or other aids are allowed

All questions are to be answered 1n the examination booklet If you need more space use the
back of the previous page and indicate clearly where your work can be found

e Ten (10) questions constitute a full paper The first ten solutions as they appear in the answer

book will be marked If you want the marker to 1gnore a solution draw a diagonal hine through
1t

Each question 18 of equal value

If doubt exists as to the mterpretation of any question the candidate 1s urged to submit with
the answer paper a clear statement of any assumptions made

For full credit answers to counting problems must be expressed as integers
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4 (a) (6 marks) . .
1
The harmomc numbers H, are defined as follows H, =14+ -+ -+ + - nezZt

2 3
where Z1 15 the set of positive mtegers

n
Use mathematical induction to prove that Vn € Z+ Z H=mn+1)Hs~-n
=1

(b) (4 marks)
If 11 integers are chosen from the set {1 2 3 100} wuse the pigeonhole principle to
prove that there are at least two say z and y such that |\/z — /7| < 1
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5 (a) (5 marks)
Consider a sequence defined as follows for n € ZF

a1=1
a2=2
a3=3

On = Qp_y+ Gp-g+anp-31fn>3

Prove that ¥n € Z+ a, < 371

(b) (5 marks)
Find an explictt formula for u, given that

2 n=1
Up =< 7 fn=2

Upe1 + 2Up-2 Hn>2
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(a) (3 marks)
If X 1s an m element set and Y 1s an n element set how many functions are there from
XtoY?

(b) (7 marks)
Let R* denote the set of positive real numbers Let f R¥ — Rt andletg R* —» R*
be defined as follows

f(z) ==? gz) = =

1 Is f a one-to one function? Justify your answer

1 Is g an onto function? Justify your answer

m Are either of f and g byjective? Justify your answer

1v Find the compostitions fo f and g f
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7 (a) (2 marks)
Arrange the following in order from fastest to slowest

O(n®) O(logn) O(n?) O™ O(1) O(nlogn) O(n)

(b) (2 marks)
Define what 1t means if we say that a function f(z) 15 O(g(z))

{c) (6 marks)
Determine the total number of comparsons that would be required by selection sort to
sort an array containng n ifems For full credit your answer must be written in sumplified
form
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(a) (8 marks)
A relation R on a fimte set S with n > 1 elements can be represented as an n X n zero one
matrix A mm whiche , =1 and onlyifs R

1 How many relations are possible on 57

1 What property will the matrix have if R 1s reflexive?

111 How many relations are reflexive?

iv. What property will the matrix have if R 1s symmetric?

v How many relations are symmetric?

(b) (2 marks)
Let R be a relation defined on the set A = {0 1 2 3 4} such that a R b 1f and only 1f
a? — b? 1s divisible by 3 Find the equivalence classes of R
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9 (10 marks)
How many arrangements can be made from the letters of the word REFUSAL

(a) without restriction?

(b) if the arrangement must begin and end with a vowel (A E or U)?

(c) if the arrangement must either begin or end with a consonant (F L. R or S)?

(d) iof all three vowels must be together?

(e) 1if no vowel can be next to another vowel?
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10 (a) (6 marks)
Consider the experiment of choosing a commuttee of three people at random from among
five men and four women Determine the probability of each of the following events

1 Exactly two women are chosen

1un No women are chosen

m At least one man 1s chosen

(b) (4 marks)
Assumuing that 1n a four child family all sixteen possible sequences of boys and/or girls
are equally hikely find each of the following

1 the probability that there are four girls given that the youngest child 1s a girl

1 the probability that there are four girls given that there 1s at least one girl
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11 (a) (6 marks)
Consider the complete graph K, for n > 3

1 Draw a representation of Ky

11 How many edges does K, have?
11 For what values of n > 3 does K, have an Euler circuit?
v For what values of n > 3 does K, have a Hamilton circuit?

v For what values of n > 3 1s K, planar?

(b) (4 marks)

Consider the graphs Gy and Gy shown here B

G1
1 Is Gy bipartite? Is Go bipartite? (Justify your answers )

n Are G and G2 1somorphic? (Justify your answer )
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12 Consider the digraph shown here

m %3

3 U4

(a) (2 marks)
Give an adjacency matrix A for the digraph

(b) (6 marks)
Use the matrix A to determine the number of paths of lengths 2 and 4 1n the digraph

(c) (2 marks)
Is the digraph strongly connected? Justify your answer
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