NATIONAL EXAMINATIONS MAY 2011
04-BS-2

PROBABILITY AND STATISTICS

2 HOURS DURATION
NOTES:
1. If doubt exists as to the interpretation of any question, the candidate is urged to
submit with the answer paper a clear statement of any assumption made.

2. “Closed Book” — no-aids other than

(i) A Casio or Sharp approved calculator

(ii) ONE hand-written information sheet (8.5”x11”), filled on both sides.
3. Any 5 questions constitute a complete paper. Only 5 questions will be marked.
4. All questions are of equal value.
5. Statistical tables of the normal, t, chi-square and F distributions are provided.
6. Questions involving hypothesis testing must be clearly formulated.

Marking Scheme

1. (a) 5 marks (b) 5 marks (c) 5 marks (d) 5 marks

2. (A) (a) 5 marks (b) 5 marks (c) 5 marks ;(B) 5 marks

3. (A) (a) 5 marks (b) 5 marks ; (B) (a) 5 marks (b) 5 marks
4. (a) 5 marks (b) 5 marks (c} 5 marks (d) 5 marks

5. (a) 7 marks (b) 7 marks (c) 6 marks

6. (A) (a) 5 marks (b) 5 marks ; (B) (a) 5 marks (b) 5 marks
7. (a) 10 marks (b) 10 marks

8. (a) 5 marks (b) 5 marks (c) 5 marks (d) 5 marks
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1. A review of the extensive data available in the computer files of Pronto Express
revealed that the weight W of a parcel handled by the company is a normally distributed
random variable with mean and standard deviation equal to 6,000.0 grammes and 450.0
grammes respectively.

(a) Find the probability that a randomly selected parcel weighs less than 6,600.0
grammes. Write down the probability density function of W. Then draw the
probability density function of W, neatly and clearly, and indicate the area that
corresponds to this probability.

(b) Compute the probability that the weight W of a randomly selected parcel differs
from the mean by less than 300.0 grammes. Then draw, clearly and neatly, the
probability density of W and indicate the area that corresponds to this probability.

(c) Let M represent the mean weight of a random sample of nine parcels. (i) Find the
mean and standard deviation of the probability distribution of M. (ii) Write down
the probability density function of M. (iii) Draw, neatly and clearly, the
probability density function of W and M on the same diagram. (iv) Compute the
probability that M is more than 6,090.0 grammes.

(d) Let T be the sum of the weights of 144 parcels delivered on a given day. Find
E(T) and Var(T). Then compute the probability that T exceeds §70.0
kilogrammes. Draw the probability density function of T and indicate the area
that corresponds to this probability.

2.(A)An extensive survey carried out on behalf of the City Council of a large urban
centre revealed that 40% of the adult inhabitants of that centre were in favour of a bylaw
that would eliminate the registration tax on private cars.

(a) What is the probability that in a random sample of 15 adult inhabitants more than
five but fewer than 10 would be in favour of that bylaw?

(b) What is the probability that in a random sample of 12 adult inhabitants more than
nine would not be in favour of that bylaw? -

(c) A leading newspaper interviewed a random sample of 4,000 adult inhabitants.
Use an appropriate approximation to compute the probability that more than1,580
were in favour of the bylaw.

2.(B) The probability that a member of large professional association is sued for
malpractice 1s 0.0015. Use an appropriate approximation to compute the probability that
in a random sample of 2,000 members more than three were sued for malpractice.
Explain, briefly and clearly, why the approximation used is appropriate.
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3.(A) Data gathered by the traffic engineer of a large urban centre reveals that the
number of major traffic jams due to tractor-trailer rollovers on the main highway
crossing the urban centre follows the Poisson law with an average of 2.2 traffic jams per
week.

(a) Compute the probability that the main highway under consideration experiences
fewer than four traffic jams in a given week.
(b) Compute the probability that the highway under consideration experiences more
than two but fewer than seven traffic jams in a period of two weeks.
3.(B) Handyman’s Hardware recetves a lot of sixteen snow-blowers from the
manufacturer. Unknown to the owner of Handyman’s Hardware, six snow-blowers are
substandard.
(a) The owner of the store sold eight snow-blowers after a major snowstorm. What is
the probability that at most three were substandard?
(b) Let X denote the number of standard snow-blowers in a random sample of three
snow-blowers. Find the probability distribution of X. Then compute E(X).

4. The probability density function of the random variable Y is defined as follows

Kyle4 - »?) 0<y<8
f(y)={

0 otherwise

(a) Find the value of K. Then graph f(y) against y clearly and neatly.

(b) Find E(Y).

(c) Find the variance of Y.

(d) Find the cumulative distribution function F(y). Then graph F(y) against y.

5. Twenty-one measurements of Young’s modulus of a certain type of hard rubber, in
MPa (MegaPascals), yielded the following information:
> X =588.0 > X*=16,509.0
(a) Find the 99% confidence limits of (i) the true mean and (ii} the true standard
deviation of the probability distribution of X. Assume that X is a normally
distributed random variable.
(b) Test the hypothesis that the mean value of the probability distribution of X is not
significantly different from 27.5 MegaPascals. Let a = 0.05.
(c) Test the hypothesis that the true standard deviation of the probability distribution
of X is not significantly different from 1.2 MegaPascals. Let o = 0.05.
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6. (A) A random sample of 625 measurements of the lifetime T of car batteries
manufactured by Always Ready yielded a mean equal to 340 weeks and a standard
deviation equal to 50 weeks.

(a) Test the hypothesis that the mean lifetime of this make of battery is not
significantly different from 350 weeks. Let a = 0.05. Assume that T is a normally
distributed random variable.

(b) The following is an interesting and useful way of finding an approximate
(1-0:)100% confidence interval of the standard deviation o when the sample is

large:
iy A
= <0 < -
1+ all [t all
V2n Van

Use this result to find (i) a 95% confidence interval of the variance of the probability
distribution of T and (ii) to test the hypothesis at the a = 0.05 level that the true standard
deviation ¢ is not significantly different from 65 weeks.
6. (B) A nation wide survey carried out on behalf of the Concerned Citizens Association
revealed that 950 citizens out of a random sample of 2,000 were not satisfied with the
quality of drinking water available in their area.
(a) Test the hypothesis that the proportion of citizens who are not satisfied with the
quality of drinking water available is not significantly different from 0.5. Let a =
0.05.
(b) How large should the sample be if we wish to know the true proportion of
satisfied citizens with an error of 0.01 and 99% confidence?

7. Professor Sophomore, a respected professor of Chemical Engineering, was hired by
Acadian Tire to test the performance of two equally priced tires manufactured by two
competing companies. Initially twelve tires were randomly selected and tested under
strict conditions. However, due to some unforeseen circumstances, one result had to be

discarded. The remaining results of these tests were as follows (Note: The results are in
kilometres)

Make A Make B
Sample size n, =11 ng = 12
Sample Mean my = 125,000 mpg = 129,000
Sample Standard deviation sa = 8,000 sg = 10,000

(a) Test the hypothesis that the variability of the performance of tires from Make A is
not significantly different from that of Make B. Let a=0.05. State any
assumptions you need to make.

(b) Test the hypothesis that the mean performance of tires of Make A is not
significantly different from that obtained from Make B. Let a=0.05.
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8. The following results were obtained from a study conducted on behalf of the Arctic
Power Electric Company. The variable X represents the number of rooms in a private
single family residence and the variable Y the electric consumption in thousands of
kilowatt-hours.

Sx,=187.0 ;  Yx2=1903.0  ; 3% =1450;

i=l i=1 =]

YY=11270 ; XY =14470 ; n=20

i=l fe)

(a) Compute the coefficient of correlationrof X and Y.

(b) Find the 95% confidence limits of the true coefficient of correlation p.

(c) It is believed that Y and X are related by an equation of the form Y=B, + ;X + &.
Write down the normal equations of the least squares line and then compute the
estimates by and b; of By and B, respectively.

(d) Compute the error sum of squares and use this information to find the 95%
confidence limits of B;.
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